ISE 315: Engineering Statistics

Lecture 9: Hypothesis Testing for a Single Sample

Instructor: Mansur M. Arief, PhD
Industrial and Systems Engineering, KFUPM

Office: 22-219 — Email: mansur.arief@kfupm.edu.sa

Based on Montgomery & Runger, Applied Statistics and Probability for Engineers, 6th Ed.



Lecture 9

Hypothesis Testing for a Single Sample (Chapter 9, cont'd)



Lecture 9 Outline

® Announcements:

® HW #3 due next week
® Major Exam 1 in Week 8 (Chapters 7, 8, 9, 10)

Review: Key concepts from Lecture 8

P-values in Hypothesis Tests

General Procedure for Hypothesis Tests

Tests on the Mean, o Known



Quick Review

What We Learned in Lecture 8
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Lecture 8 Recap: The Big ldeas

® Hypothesis testing: Use sample data to decide if a claim about a parameter
is supported

® Hp (null): The default claim, usually with “=

® H; (alternative): What we want to show, with “#", "<" or “>

® Test statistic: Zy = ?;\7% measures evidence against Hy

* Type | error (a): Reject Hy when true (false alarm)

* Type Il error (3): Fail to reject Hy when false (missed detection)

® Decision rule: Reject Hy if test statistic falls in the critical region

Today: We add P-values, more examples, and tests when o is unknown.



Section 9-1.4

P-Values in Hypothesis Tests
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Approach 1: Critical Value (Fixed Significance Level)
® Choose « beforehand (e.g., a = 0.05)
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Two Approaches to Making a Decision

Approach 1: Critical Value (Fixed Significance Level)
® Choose « beforehand (e.g., a = 0.05)
® Find critical value(s) from the distribution table
® Compare test statistic to critical value

® Decision: Reject or fail to reject

Approach 2: P-Value

® Compute the probability of observing a test statistic at least as extreme as
the one calculated, assuming Hy is true

® Compare P-value to «

® Both approaches give the same conclusion!
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What is a P-Value?

Definition: The P-value is the smallest significance level at which we would reject
Hp given the observed data.

Equivalently: The probability of getting a test statistic at least as extreme as the
observed value, if Hy were true.

Decision Rule with P-value:

If P-value < a = Reject Hy

If P-value > « = Fail to reject Hy

Intuition: A small P-value means the data is very unlikely under Hp, so reject Hp.
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Computing P-Values for the Z-Test Z;

Test Type | Hypotheses P-value

Two-tailed Hi o # po 2P(Z> |Zo|):2<1—¢(|20|))

Left-tailed | Hi :p < po P(Z < Zpy) = ®(2)

Right-tailed | Hy : p > po P(Z > Zy) =1— ®(2Z)

Recall: ®(z) = P(Z < z) is the standard Normal CDF (the Z-table!).
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P-Value lllustrated: Two-Tailed Test

P/2 P/2

z

—|2o| |Zo|

P-value = total shaded area = 2 x P(Z > |Z|)

= probability of observing data as or more extreme, if Hp is true.
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Revisiting the supplier claim with a P-value
Example: Crude Oil Viscosity

Recall: n =64, x =120 cP, 0 =16 cP, Hy : p =115, Hy : n # 115
Test statistic: Zy = 2.5 (computed in Lecture 8)

P-value (two-tailed, Z-test):

P-value = 2 P(Z > [2.5]) = 2 (1 — (2.5))
=2 (1—0.9938) = 2 x 0.0062 =[0.0124
— 2 x 0.0062 = [0.0124

Decision for oo = 0.05: P-value = 0.0124 < 0.05 = o =- Reject Hy.
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How Small is “Small Enough”?

The P-value tells us the strength of evidence against Hp:

P-value Evidence against Hy

> 0.10 Little or no evidence
0.05 to 0.10  Weak evidence
0.01 to 0.05 Moderate evidence
0.001 to 0.01 Strong evidence

< 0.001 Very strong evidence




Section 9-1.6

General Procedure for Hypothesis Tests
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The Steps for Hypothesis Testing

Identify the parameter of interest (e.g., i, 02, p)

State null hypothesis Hp, alternative Hp, and significance level «
Select the appropriate test statistic

Determine the rejection region (or compute P-value)

Compute the test statistic from the sample data

A T o

Make a decision and state a conclusion in context

Always state conclusion in context of the problem
“We reject the null hypothesis and claim that there is sufficient evidence at the 5%
significance level that the true mean viscosity is not 115 cP.”



Variations of Tests

Z-test for the mean (o known),
t-test for the mean (o unknown),
x>-test for the variance (o)



Z-Test for the Mean or Proportion

X — po
o/

Test Statistic for mean p with o known: Zp =




Z-Test for the Mean or Proportion

Test Statistic for mean p with o known: Zp =

Test Statistic for proportion p with py: Zp = ———————
po(1—po)/n



Z-Test for the Mean or Proportion

X —
Test Statistic for mean p with o known: Zp = Ho
o/\/n
. . . o P—po
Test Statistic for proportion p with py: Zp = ———————
po(1 —po)/n

Assumption: Population is Normal, or CLT applies (what conditions?)
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Decision Rule:
® Two-tailed test (H; : p # juo): Reject Ho if [Zo| > 242
* Right-tailed test (H; : 1 > po): Reject Hp if Zp > z,
o Left-tailed test (H; : u < po): Reject Hp if Zy < —z,
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Z-Test Decision Rule: Visual Guide

Decision Rule:
® Two-tailed test (H; : p # juo): Reject Ho if [Zo| > 242
* Right-tailed test (H; : 1 > po): Reject Hp if Zp > z,
o Left-tailed test (H; : u < po): Reject Hp if Zy < —z,

The reject direction in a one-sided test depends on Hj sign.

Left tail Right tail

|
|
|
|
|
|
|
|
|
1

—Za/2  —Zo 0 Zo Za )2
Two-tailed
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A drilling company claims their new bit lasts more than 200 hours
on average. A sample of n = 36 bits gives x = 206 hours. Assume
o = 18 hours. Test at a = 0.05.

Parameter and hypotheses: ;. (mean drill bit life), o known
® Hp:p <200 vs Hy:p > 200 (right-tailed), o = 0.05
Test statistic and rejection region: Z-test, reject if Zy > zp05 = 1.645

Calculate Zy: Zp = 21%6/*2\/3%0 — g —-20

Decision: Since Zy = 2.0 > 1.645, reject H.

Conclusion: Sufficient evidence that the mean bit life exceeds 200 hours.
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Test for the Mean ;1 When o is Unknown (t-test)

Scenario: Sample size n, sample mean X, and sample standard deviation s. o is
unknown, data is approximately normal.

Test statistic: _
X = Ho

~ s/

where ty follows a t-distribution with n — 1 degrees of freedom.

to

Decision rule: Reject Hy if [to| > t;_, /2, p—1 (two-tailed)



A soil laboratory claims that a new pile-driving technique yields an
average intrusion > 12.5m. Data: n =9, X = 132m, s = 1.5m.
Test at a = 0.05.

Parameter and hypotheses: ;1 (mean intrusion depth), o unknown



A soil laboratory claims that a new pile-driving technique yields an
average intrusion > 12.5m. Data: n =9, X = 132m, s = 1.5m.
Test at a = 0.05.

Parameter and hypotheses: ;1 (mean intrusion depth), o unknown
® Hp:p <125 vs Hy : pu > 12.5 (right-tailed), a = 0.05



A soil laboratory claims that a new pile-driving technique yields an
average intrusion > 12.5m. Data: n =9, X = 132m, s = 1.5m.
Test at a = 0.05.

Parameter and hypotheses: ;. (mean intrusion depth), o unknown
® Hyp:p<125vs Hy : pu > 12.5 (right-tailed), o = 0.05
Test statistic and rejection region: t-test, reject if |tp| > t0.055 = 1.860



A soil laboratory claims that a new pile-driving technique yields an
average intrusion > 12.5m. Data: n =9, X = 132m, s = 1.5m.
Test at a = 0.05.

Parameter and hypotheses: ;. (mean intrusion depth), o unknown
® Hyp:p<125vs Hy : pu > 12.5 (right-tailed), o = 0.05
Test statistic and rejection region: t-test, reject if |ty| > tg.05,8 = 1.860

Calculate to: tg = % =0T —-14



A soil laboratory claims that a new pile-driving technique yields an
average intrusion > 12.5m. Data: n =9, X = 132m, s = 1.5m.
Test at a = 0.05.

Parameter and hypotheses: ;. (mean intrusion depth), o unknown
® Hyp:p<125vs Hy : pu > 12.5 (right-tailed), o = 0.05
Test statistic and rejection region: t-test, reject if |ty| > tg.05,8 = 1.860

Calculate to: tg = 131'2573/25'5 =0T —-14

Decision: Since tp = 1.4 < 1.860, fail to reject Hy.




A soil laboratory claims that a new pile-driving technique yields an
average intrusion > 12.5m. Data: n =9, X = 132m, s = 1.5m.
Test at a = 0.05.

Parameter and hypotheses: ;. (mean intrusion depth), o unknown
® Hyp:p<125vs Hy : pu > 12.5 (right-tailed), o = 0.05
Test statistic and rejection region: t-test, reject if |ty| > tg.05,8 = 1.860

13.2-125 _ 0.7 _
2R =gl=14

Decision: Since tp = 1.4 < 1.860, fail to reject Hy.

Calculate tp: tp =

Conclusion: Not enough evidence to support the claim that the mean intrusion
depth exceeds 12.5 meters.
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Lecture 9 Summary (So Far)

® Hypothesis testing is about making decisions based on sample data

o Key steps:

® |dentify parameter and hypotheses
Select test statistic and rejection region
Compute test statistic from sample data
Make a decision and state a conclusion

® Types of tests:

® Z-test (mean p with o known, proportion p)

® t-test (mean p with o unknown)

® TBD next lecture:
® Chi-square test for variance and goodness-of-fit
® Type Il error and sample size



