ISE 315: Engineering Statistics

Lecture 11: Statistical Inference for Two Samples

Instructor: Mansur M. Arief, PhD
Industrial and Systems Engineering, KFUPM

Office: 22-219 — Email: mansur.arief@kfupm.edu.sa

Based on Montgomery & Runger, Applied Statistics and Probability for Engineers, 6th Ed.
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® 3 Practice Problems will be posted as your Major 1 rehearsal.
Complete all by Tue, Feb 24 = skip HW 5 (score = the highest)



Upcoming Schedule

Lecture Date Topic / Activity

11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)




Upcoming Schedule

Lecture Date Topic / Activity

11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)
12 Tue, Feb 17 Ch. 10: Two-Sample Inference (Part 2), Quiz 3 (Ch. 9, online by Wed Feb 18), HW |




Upcoming Schedule

Lecture Date Topic / Activity
11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)
12 Tue, Feb 17 Ch. 10: Two-Sample Inference (Part 2), Quiz 3 (Ch. 9, online by Wed Feb 18), HW |

Sun, Feb 22 No class — Founder’'s Day




Upcoming Schedule

Lecture Date Topic / Activity

11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)

12 Tue, Feb 17 Ch. 10: Two-Sample Inference (Part 2), Quiz 3 (Ch. 9, online by Wed Feb 18), HW |
Sun, Feb 22 No class — Founder’'s Day

13 Tue, Feb 24 Quiz 4 (Ch. 10), Chapter 7-10 Review, Q&A, HW 4 due




Upcoming Schedule

Lecture Date Topic / Activity

11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)

12 Tue, Feb 17 Ch. 10: Two-Sample Inference (Part 2), Quiz 3 (Ch. 9, online by Wed Feb 18), HW |
Sun, Feb 22 No class — Founder’'s Day

13 Tue, Feb 24 Quiz 4 (Ch. 10), Chapter 7-10 Review, Q&A, HW 4 due

15 Sun, Mar 1 Final Practice for Major 1, Quiz 4 (Ch. 10)




Upcoming Schedule

Lecture Date Topic / Activity

11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)

12 Tue, Feb 17 Ch. 10: Two-Sample Inference (Part 2), Quiz 3 (Ch. 9, online by Wed Feb 18), HW |
Sun, Feb 22 No class — Founder’'s Day

13 Tue, Feb 24 Quiz 4 (Ch. 10), Chapter 7-10 Review, Q&A, HW 4 due

15 Sun, Mar 1 Final Practice for Major 1, Quiz 4 (Ch. 10)

16 Tue, Mar 3 No class, Major 1 prep HW 5 due




Upcoming Schedule

Lecture Date Topic / Activity

11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)

12 Tue, Feb 17 Ch. 10: Two-Sample Inference (Part 2), Quiz 3 (Ch. 9, online by Wed Feb 18), HW |
Sun, Feb 22 No class — Founder’'s Day

13 Tue, Feb 24 Quiz 4 (Ch. 10), Chapter 7-10 Review, Q&A, HW 4 due

15 Sun, Mar 1 Final Practice for Major 1, Quiz 4 (Ch. 10)

16 Tue, Mar 3 No class, Major 1 prep HW 5 due
Thu, Mar 5 Major Exam 1




Upcoming Schedule

Lecture Date Topic / Activity

11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)

12 Tue, Feb 17 Ch. 10: Two-Sample Inference (Part 2), Quiz 3 (Ch. 9, online by Wed Feb 18), HW |
Sun, Feb 22 No class — Founder’'s Day

13 Tue, Feb 24 Quiz 4 (Ch. 10), Chapter 7-10 Review, Q&A, HW 4 due

15 Sun, Mar 1 Final Practice for Major 1, Quiz 4 (Ch. 10)

16 Tue, Mar 3 No class, Major 1 prep HW 5 due
Thu, Mar 5 Major Exam 1

17 Sun, Mar 8 Exam Review, Grade Checkins, Optional Quiz 5 (Make Up Quiz, In-Class)

HW 5 required only if you do not complete all the long practice quizzes



Upcoming Schedule

Lecture Date Topic / Activity

11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)

12 Tue, Feb 17 Ch. 10: Two-Sample Inference (Part 2), Quiz 3 (Ch. 9, online by Wed Feb 18), HW |
Sun, Feb 22 No class — Founder’'s Day

13 Tue, Feb 24 Quiz 4 (Ch. 10), Chapter 7-10 Review, Q&A, HW 4 due

15 Sun, Mar 1 Final Practice for Major 1, Quiz 4 (Ch. 10)

16 Tue, Mar 3 No class, Major 1 prep HW 5 due
Thu, Mar 5 Major Exam 1

17 Sun, Mar 8 Exam Review, Grade Checkins, Optional Quiz 5 (Make Up Quiz, In-Class)

18 Tue, Mar 10 Software for Statistical Inference (Attendance by watching the recording)

HW 5 required only if you do not complete all the long practice quizzes



Upcoming Schedule
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11 Sun, Feb 15 Ch. 10: Two-Sample Inference (Part 1)
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16 Tue, Mar 3 No class, Major 1 prep HW 5 due
Thu, Mar 5 Major Exam 1

17 Sun, Mar 8 Exam Review, Grade Checkins, Optional Quiz 5 (Make Up Quiz, In-Class)

18 Tue, Mar 10 Software for Statistical Inference (Attendance by watching the recording)

Holiday Break  No class

HW 5 required only if you do not complete all the long practice quizzes
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Lecture 11 Outline

® From one sample to two samples

e Inference on the difference in means (17 — ), variances known
(Sec. 10-1)

® Inference on the difference in means, variances unknown (Sec. 10-2)
® Worked examples with engineering context

® Practice problems for Quiz 3 (15 minutes)
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The a—( Tradeoff and OC Curves

An Operating Characteristic (OC) curve
plots 3 vs. the true parameter shift d = #—#ol

g

® 1o is the hypothesized mean under Hy
® 4 is the true mean under H;

® g is the known population standard
deviation

® d measures how many os the true mean
is away from the hypothesized mean



The a—f Tradeoff and OC Curves

An Operating Characteristic (OC) curve Two-Sided Z-Test, o = 0.05

plots 3 vs. the true parameter shift d = 2=l s

o T
0.8
)

1o is the hypothesized mean under Hy 0.6

B

1 is the true mean under H; 04

o is the known population standard
deviation

0.2

d measures how many os the true mean 0 05 ! L5 2
. . d=|u—
is away from the hypothesized mean s = ol
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(n): X, S°

% Q2 )
Ch. 8-9: One population [ (m): X, 51 ] [ (m2): X2, 52 ]

Ho: ju=po or Hp:o? = o2 Ch. 10: Two populations

Ho: p1 — o = Ap or Ho:o%:og

Fro_m Lgcture 4.
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Setting Up the Two-Sample Problem

Difference in Means, o and o3 Known

Setup: Two independent random samples:

® Sample 1: ny observations from population with mean p1, known variance a%

® Sample 2: ny observations from population with mean s, known variance o3

Point estimator: The natural estimator of p1 — o is X1 — X

Distribution: ) )
= — g (2

X=Xz ~ N(MI_ML 1+2>

m ny

This follows from the fact that the sum (or difference) of independent normal
random variables is also normal.
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Confidence Interval for 1 — po (0%, 03 Known)

A 100(1 — «)% confidence interval for p11 — po:

2 2
o1 | 03

(1 —%) £ zap " + m
Compare to the single-sample case:

_ g
X + Za/2%

Can you summarize the key differences?
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Hypothesis Test for jui; — po (02,05 Known)

Hypotheses (testing whether the difference equals some value Ay, often 0):
Ho:pi—po =200 vs Hi:pr—po# Do

Test statistic: _ B
(X1 — X2) — Ao

Zy =
2 2
ot o
n ny
Under Ho, Zo ~ N(0,1).

Decision rules: Reject if

e test statistic is further in the tail than the critical or P-value < a.
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Decision Rules for Two-Sample Z-Test

Alternative H; Reject Hp if P-value

p—p2 # Do 2| > za2 2[1 = ®(|20])]
p1 —p2 > Do Lo >z 1—®(z)

p1—p2 < Do Lo < —2z4 d(z0)

Note: This is structurally identical to the single-sample Z-test (only differs in how
we compute Zp).
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A petroleum engineer wants to compare the corrosion rates (mm/year) of two
drilling fluids on steel pipe.

® Fluid A: n; =15, Xy = 4.85, 01 = 0.60 (known)
® Fluid B: np =17, X = 5.16, 02 = 0.75 (known)

Is there evidence that the mean corrosion rates differ? Use oo = 0.05.
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Example: Comparing Two Drilling Fluids

A petroleum engineer wants to compare the corrosion rates (mm/year) of two
drilling fluids on steel pipe.

® Fluid A: n; =15, Xy = 4.85, 01 = 0.60 (known)
® Fluid B: np =17, X = 5.16, 02 = 0.75 (known)

Is there evidence that the mean corrosion rates differ? Use oo = 0.05.

Step 1: Parameter: p1 — pin. Both o's known. Samples independent. Use Z-test.
Step 2: Hyp:pu1—p2=0vs Hy : i1 — o # 0, a = 0.05.
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0.602  0.752 0.024 +0.0331  0.2390
15 i 17

Step 4: Two-tailed, z,/» = 20,005 = 1.96. Rejection region: [Zp| > 1.96.

Step 5: |Zy| = 1.297 < 1.96. Zp is not in the rejection region.
P-value = 2[1 — $(1.297)] = 2(1 — 0.9027) = 2(0.0973) = 0.1946



Example: Drilling Fluids (Solution)

Step 3: Test statistic:

Zo = (4.85—-5.16) — 0 _ —0.31 _ —0.31 _ 1207
0.602  0.752 0.024 +0.0331  0.2390

15+17

Step 4: Two-tailed, z,/» = 20,005 = 1.96. Rejection region: [Zp| > 1.96.

Step 5: |Zy| = 1.297 < 1.96. Zp is not in the rejection region.
P-value = 2[1 — $(1.297)] = 2(1 — 0.9027) = 2(0.0973) = 0.1946

Step 6: Fail to reject Hy. At a = 0.05, there is not sufficient evidence to conclude
that the mean corrosion rates of the two drilling fluids differ.
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Two Cases When Variances Are Unknown

Difference in Means, o3 and o3 Unknown

When o7 and o3 are unknown, we estimate them with s? and s3.

But we need to decide: can we assume 02 = 037

Case 1: 0% = 03 (equal variances assumed)

We “pool” the two sample variances into one combined estimate.
This is called the pooled t-test.

Case 2: 07 # 035 (unequal variances)
We keep the variances separate and use an approximate degrees of freedom.
This is called Welch’s t-test (Section 10-2.2, next lecture).
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The Pooled t-Test (assuming 07 = 03)

Pooled variance estimator (weighted-average variance):

o2 _ (1 —1)S2 +(n—1)S2
P m-+n —2

Test statistic:

Ty (X1 — X2) — A
P n n

® Under Hy, Ty ~ thy+ny—2-

® The degrees of freedom is n; + ny — 2 (because we used both samples to
estimate the common variance).
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Confidence Interval: Pooled t (0?2 = 03)
A 100(1 — «)% ClI for pu1 — po when o3 = o3:

()_<:l _)?2) + ta/2,n1+n272 © Sp —+ —

Compare to single-sample t-Cl:

- s
X £ tapn-1 0 —=
Vn
® Same structure as single-sample t-Cl: estimate £ (critical value)

® The standard error now accounts for two sample sizes and a pooled variance



Decision Rules for Pooled t-Test

Let v =n1 4+ np — 2.

Alternative H; Reject Hp if P-value bounds
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Decision Rules for Pooled t-Test

Let v =n1 4+ np — 2.

Alternative H; Reject Hp if P-value bounds

/.L]_—MQ#AO ’T0|>ta/2,,/ 2P(T>‘t0|)
p1—p2 > 0D  To>ta, P(T > to)

n1 — po < Ag To < —ta,v P(T < tp)

Reminder: You can bound P-values from the t-table, or use software for exact
values.



Example: Production Line Comparison

Two production lines at a refinery produce polymer pellets. Quality control wants
to know if the mean tensile strength (MPa) differs between the two lines. Assume
equal population variances.

® Linel: ny =12, x;, =227, 51 =1.8
® Line2: np =10, xp =21.3, 5o =2.1
Test at o = 0.05.
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Example: Production Line Comparison

Two production lines at a refinery produce polymer pellets. Quality control wants
to know if the mean tensile strength (MPa) differs between the two lines. Assume
equal population variances.

® Linel: ny =12, x;, =227, 51 =1.8
® Line2: np =10, xp =21.3, 5o =2.1
Test at o = 0.05.

Step 1: Parameter: pj — pp. Variances unknown but assumed equal. Independent
samples. Use pooled t-test.

Step 2: Hy:p1 —pu2=0vs Hy: g — o # 0, a = 0.05.



Example: Production Lines (Solution)

Step 3: First compute the pooled variance:

(12 -1)(1.8)* + (10 — 1)(2.1)> _ 11(3.24) + 9(4.41)

2=
P 12+10-2 20
35.64 +39.69  75.33
= S = = = 3,767

So s, = V/3.767 = 1.941.
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S2 =
P 124+10-2 20
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Step 3: First compute the pooled variance:

(12 -1)(1.8)* + (10 — 1)(2.1)> _ 11(3.24) + 9(4.41)

S2 =
P 124+10-2 20
35.64 +39.69 75.33
= 20 =0 = 3.767
So s, = V/3.767 = 1.941.
Test statistic:
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Example: Production Lines (Conclusion)

Step 4: Two-tailed test, v = 20. tp.025 20 = 2.086.
Rejection region: | Tp| > 2.086.

Step 5: | Tp| = 1.684 < 2.086. Not in the rejection region.

P-value: From the t-table with v = 20: tp05 = 1.725 and ty.19 = 1.325.
Since 1.325 < 1.684 < 1.725, we have 0.05 < one-tail < 0.10.
Two-tailed P-value: 0.10 < P-value < 0.20.

Step 6: Fail to reject Hy. At a = 0.05, there is not sufficient evidence to conclude
that the mean tensile strengths of the two production lines differ.

95% Cl: 1.4 +2.086(0.8312) = 1.4 +£1.734 = (—0.334, 3.134)
The interval contains 0, consistent with failing to reject.



Which Test to Use?

Parameter Conditions Test Statistic  Distribution

Single sample (Ch. 8-9):

m o known Zy N(0,1)
o o unknown To th—1
o2 Normal pop. X3 xX2_,
p Large n Zy N(O,1)

Two samples (Ch. 10):

w1 — p2 01,02 known Zo N(0,1)

1 — 2 a% = O’% unknown Ty (pooled) tny+ny—2




Which Test to Use?

Parameter Conditions Test Statistic  Distribution
Single sample (Ch. 8-9):

m o known Zy N(0,1)

I o unknown To th—1

o2 Normal pop. x% X,21_1

p Large n Zy N(0,1)
Two samples (Ch. 10):

w1 — p2 01,02 known Zo N(0,1)

w1 — p2 a% = a% unknown Ty (pooled) tny+ny—2
1 — 2 02 # o3 unknown T (Welch) Lecture 12
up (paired)  Paired data To Lecture 12
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°* Wrong degrees of freedom.
Pooled t: v =n1 +ny —2, not ny — 1 or np — 1.

® Forgetting Ag in the numerator.
Usually Ag = 0, but read the problem carefully. Sometimes Hy : j11 — 12 = 5.

® Using a two-sample test for paired data.
If observations are naturally paired, use the paired t-test (Lecture 12).
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® When variances are unknown but equal: use the pooled t-test.

2 2
Pool the variances: s2 = (m = 1)si + (2~ 1)
P ni+np—2

® The 6-step procedure is exactly the same. Only the test statistic changes.

® Next lecture: Welch's t-test (unequal variances) and the paired t-test.



Reminders

® Recordings for Lectures 11 & 12 posted by end of tomorrow
(Monday).



Reminders

® Recordings for Lectures 11 & 12 posted by end of tomorrow
(Monday).

e Start the 3 long practice quizzes early!
Complete all 3 by next week = skip HW 5.



Reminders
® Recordings for Lectures 11 & 12 posted by end of tomorrow
(Monday).

e Start the 3 long practice quizzes early!
Complete all 3 by next week = skip HW 5.

* Mid-semester evaluation: Please fill it out (only 4 responses so far).



Reminders
® Recordings for Lectures 11 & 12 posted by end of tomorrow
(Monday).

e Start the 3 long practice quizzes early!
Complete all 3 by next week = skip HW 5.

* Mid-semester evaluation: Please fill it out (only 4 responses so far).

e Office hours: Tuesdays 9-10 AM, Room 22-219 or Zoom.



