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Lecture 5

Statistical Intervals for a Single Sample (Part 1)



Lecture 5 Outline (Textbook Chapter 3)

• Announcements:
• HW 1 due Wednesday before class
• HW 2 due next Wednesday before class
• Major Exam 1 in Week 8 (Textbook Chapters 2–5)

• From Point Estimates to Interval Estimates

• Confidence Interval on the Mean (σ2 Known)

• Choice of Sample Size

• One-Sided Confidence Bounds



Quick survey!

Live poll

How confident do you feel about
point estimation from Chapter 2?

Visit pe.app/ise315 to answer!



Chapter 3 Concept Review

Point Estimate
LLM eval score µ̂ = x̄ = 85.3

Add uncertainty
Interval Estimate

(77.4, 93.2)

How confident? 95% confident!

x̄ = 85.3L = 77.4 U = 93.2

True µ is in here
with 95% confidence

Textbook: Chapter 3, Statistical Intervals for a Single Sample ((3.1) onward)



Key Terminologies

1. Point Estimate (Review):

• A single value θ̂ that estimates θ

• Example: µ̂ = x̄ = 85.3

• Problem: No measure of
uncertainty!

2. Interval Estimate:

• A range [L,U] likely to contain θ

• Example: (77.4, 93.2)

• Includes measure of confidence

3. Confidence Interval (CI):

• An interval estimate with a
specified confidence level

• Written as 100(1− α)% CI

• Common levels: 90%, 95%, 99%

4. Confidence Level:

• 1− α = probability the method
produces an interval containing θ

• 95% CI ⇒ α = 0.05
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Key Terminologies

5. Components of a Confidence Interval

• Lower confidence limit L: left endpoint of the interval

• Upper confidence limit U: right endpoint of the interval

• Margin of error E : half-width of the interval

CI: x̄ ± E = (x̄ − E , x̄ + E )

• Critical value zα/2: the z-score that cuts off area α/2 in the upper tail

• Standard error SE: standard deviation of the sampling distribution

SE(X̄ ) =
σ√
n

The margin of error combines critical value and standard error: E = zα/2 × SE
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Key Terminologies

6. Two-Sided vs One-Sided Intervals

• Two-sided CI: Bounds µ from both directions

L ≤ µ ≤ U

• One-sided lower bound: Only provides minimum value

µ ≥ L (e.g., “detection distance is at least...”)

• One-sided upper bound: Only provides maximum value

µ ≤ U (e.g., “failure rate is at most...”)

One-sided intervals use zα instead of zα/2 (all α on one side)
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Notes about Confidence Interval Interpretation

• About the procedure, NOT about a specific interval!

• “95% confident” means: if we repeated the sampling many times, 95% of
the intervals would contain the true µ

• Common misconception (WRONG):

• “There is a 95% probability that µ is in this interval”
• Why wrong? The true µ is a fixed constant, not random!
• The interval is random (varies with sample), not the parameter

• Correct interpretation:

• “We are 95% confident that µ lies between L and U”
• “The interval (L,U) was constructed using a method that captures µ 95%

of the time”
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Visualizing Confidence Intervals: Repeated Sampling

True µ

Sample 1

Sample 2

Sample 3

Sample 4 Misses µ!

Sample 5

Sample 6

With 95% CI: about 95 out of 100 intervals capture µ
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Deriving the CI for Mean (σ2 Known, Xi ∼ N(µ, σ2))

Step 1: From the CLT (Chapter 2, (2.7)), the sampling distribution:

X̄ ∼ N

(
µ,

σ2

n

)
⇒ Z =

X̄ − µ

σ/
√
n
∼ N(0, 1)

Step 2: Find zα/2 such that P(−zα/2 < Z < zα/2) = 1− α

P

(
−zα/2 <

X̄ − µ

σ/
√
n
< zα/2

)
= 1− α

Step 3: Rearrange to isolate µ:

P

(
X̄ − zα/2

σ√
n
< µ < X̄ + zα/2

σ√
n

)
= 1− α
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Two-Sided Confidence Interval (σ Known)

Two-Sided 100(1− α)% Confidence Interval for µ:

x̄ − zα/2
σ√
n

≤ µ ≤ x̄ + zα/2
σ√
n

(3.1)

Or equivalently: x̄ ± zα/2
σ√
n

Margin of Error (half-width of the interval):

E = zα/2
σ√
n

(3.3)

These are equations 3.1 and 3.3 in the textbook — the full recipe is Proce-
dure 3.1.
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One-Sided Bounds and Sample Size (σ Known)

One-Sided 100(1− α)% Confidence Bounds:

µ ≥ x̄ − zα
σ√
n

(lower), µ ≤ x̄ + zα
σ√
n

(upper) (3.2)

Sample Size for Desired Margin of Error E :

n =
(zα/2 σ

E

)2

(round up!) (3.4)

Note: one-sided bounds use zα, not zα/2.
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Common Critical Values zα/2 (Table 3.1 in the textbook)

Confidence Level α α/2 zα/2

90% 0.10 0.05 1.645

95% 0.05 0.025 1.96

99% 0.01 0.005 2.576

How to find zα/2:

• From Z-table: Find z where Φ(z) = 1− α/2

• For 95% CI: Φ(z0.025) = 0.975 ⇒ z0.025 = 1.96

• Memory tip: For 95% CI, use z ≈ 2
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Summary #1

• A confidence interval is an interval estimate with a specified confidence
level

• Point estimate ± margin of error

• Margin of error = critical value × standard error (3.3)

• The confidence level 100(1− α)% refers to the procedure, not a specific
interval

• For CI on mean with σ known (3.1): x̄ ± zα/2
σ√
n

• Narrower CI requires: larger n, smaller σ, or lower confidence

• Sample size formula (3.4): n =
(
zα/2σ

E

)2
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Questions you might be asked about confidence intervals

• Given sample data and known σ, construct a confidence interval for µ

• Given a confidence interval, interpret what it means

• Determine the sample size needed to achieve a certain margin of error

• Construct a one-sided confidence bound (upper or lower)

• Compare confidence intervals with different confidence levels or sample
sizes
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How to answer: Procedure 3.1 (z-interval recipe)

The textbook packages these steps as Procedure 3.1:

• Identify what is given: n, x̄ , σ, confidence level

• Determine the type of interval needed (two-sided vs one-sided)
• Find the appropriate critical value:

• Two-sided: use zα/2

• One-sided: use zα

• Calculate standard error: SE = σ√
n

• Calculate margin of error (3.3): E = z × SE

• Construct interval: x̄ ± E or x̄ − E (lower bound) or x̄ + E (upper bound)
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Questions you might be asked about confidence intervals

What variants we might see?
• The population standard deviation σ might be unknown

• Use t-distribution instead of z (HW 2 and next lecture!)

• The parameter might not be the mean µ

• Variance σ2 ⇒ use χ2 distribution

• Proportion p ⇒ use Normal approximation with
√

p̂(1−p̂)
n

• Sample size determination with different constraints

• Comparing precision of different confidence levels

Same approach:
Parameter → Sampling distribution → Get critical value → CI
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A logistics analyst measures container dwell time at a port. A random
sample of n = 36 containers gives sample mean x̄ = 3.750 days.
Historical data shows σ = 0.90 days. Construct a 95% CI for the true
mean dwell time.
Example 1: Port Container Dwell Time

Given:

• n = 36, x̄ = 3.750 days, σ = 0.90 days

• Confidence level: 95% ⇒ α = 0.05 ⇒ z0.025 = 1.96

Plan: Two-sided z-interval, (3.1) via Procedure 3.1
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Example 1: Solution

Step 1: Calculate standard error

SE =
σ√
n
=

0.90√
36

=
0.90

6
= 0.15

Step 2: Calculate margin of error (3.3)

E = zα/2 × SE = 1.96× 0.15 = 0.294

Step 3: Construct the interval (3.1)

CI: x̄ ± E = 3.750± 0.294 = (3.456, 4.044) days

We are 95% confident that the true mean dwell time µ is between 3.456 and 4.044
days.
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Your startup wants to estimate the mean onboarding time of new
users for its app. A pilot shows σ = 12 minutes. How many users
must you observe so the margin of error is at most 3 minutes with
95% confidence?
Example 2: Sample Size Determination

Given:

• σ = 12 minutes, E = 3 minutes

• 95% confidence ⇒ z0.025 = 1.96

Solution: apply (3.4)

n =
(zα/2σ

E

)2

=

(
1.96× 12

3

)2

=

(
23.52

3

)2

= (7.84)2 = 61.47 ≈ 62 users (round up!)
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An AV safety team measures the pedestrian-detection distance of a
perception model in n = 16 test runs. Sample mean x̄ = 185.0 m,
known σ = 10 m. Find a 95% lower confidence bound for the true
mean detection distance.
Example 3: One-Sided Confidence Bound

Given:

• n = 16, x̄ = 185.0 m, σ = 10 m

• 95% one-sided ⇒ z0.05 = 1.645 (note: zα, not zα/2!)

Solution: apply the lower bound in (3.2)

µ ≥ x̄ − zα
σ√
n
= 185.0− 1.645× 10√

16

= 185.0− 1.645× 2.5 = 185.0− 4.113 = 180.9 m

Interpretation: We are 95% confident that the model detects pedestrians at at
least 180.9 m, on average.
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mean detection distance.
Example 3: One-Sided Confidence Bound

Given:

• n = 16, x̄ = 185.0 m, σ = 10 m
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Solution: apply the lower bound in (3.2)
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Summary #2

• General recipe (Procedure 3.1) for confidence interval problems:

1. Identify: n, x̄ , σ, confidence level, one/two-sided

2. Find critical value: zα/2 (two-sided) or zα (one-sided)

3. Calculate: SE = σ√
n
, then E = z × SE (3.3)

4. Construct interval: x̄ ± E

• Key formulas:
• CI: x̄ ± zα/2

σ√
n
(3.1), one-sided bounds (3.2)

• Sample size: n =
( zα/2σ

E

)2
(3.4)

• Remember: This assumes σ is known!

• Next lecture: What if σ is unknown? ⇒ t-distribution
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Class Announcements

• HW 1 due Wednesday before class, HW 2 due next Wednesday before
class (in Gradescope)

• Reading: Textbook Chapter 3, up to the one-sided bounds and sample
size sections

• Next class:
• CI when σ unknown (t-distribution)
• CI for variance
• CI for proportion

• Office hour: Tomorrow morning (Tuesday 9-10 AM) in 22-219 or Zoom
(link in Blackboard)

See you next class!
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