ISE 315: Engineering Statistics

Lecture 24: Random Effects and Randomized Block Designs

Instructor: Mansur M. Arief, PhD
Industrial and Systems Engineering, KFUPM

Office: 22-219 — Email: mansur.arief@kfupm.edu.sa

Based on Montgomery & Runger, Applied Statistics and Probability for Engineers, 6th Ed.



Lecture 24

Random-Effects Model and the Randomized Complete Block Design
(§8.10, §8.11)
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® Fixed vs. random factors — a question of inference scope

The random-effects model and variance components (8.20)

Worked example: warehouse-to-warehouse variability

Why blocking? Removing a known nuisance source

The RCBD: model, decomposition (8.22), F-test (8.24)

¢ Fully worked RCBD: four routing policies blocked by day
(Procedure 8.5)

e RCBD post-hoc comparisons and residual checks
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Fixed vs. Random Factors
§8.10

So far, fixed effects: the a levels are the specific settings we care about — the
three onboarding flows were the exact flows the startup would ship.
Often, the levels are a random sample from a larger population:

® 4 warehouses sampled from a network'’s 30 sites

® 6 annotators sampled from an Al labeling pool

® 5 vehicles sampled from an autonomous fleet

The inference question changes:

® Fixed: “do these specific levels differ?”
® Random: "how much does this factor contribute to variability across the
whole population of levels?”

Decided by the design, not the data: picked the levels on purpose = fixed; sampled
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The Random-Effects Model

The equation looks identical to (8.2):
Yi=p+71i+¢gj

but now 7; ~ N(0, 02) is random, independent of €;; ~ N(0, ?).
Variance of any observation splits into two variance components:

V(Y;) = 02 + o2 (8.18)

between-treatment o2 and within-treatment o2.
The hypotheses change: individual 7; are no longer parameters to compare —

Ho:02=0 vs. Hy:02>0

Does the factor contribute any variability to the population?
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Estimating Variance Components
Procedure 8.4

The pleasant surprise: the arithmetic doesn't change. Same SS, same df, same
Fo = M5t/ MSg, same critical value f, ,_1 y—, (Procedure 8.1).

What changes is the interpretation, via the expected mean squares — compare
with (8.10):
E[MSg] = 0%, E[MStreatments] = 0° + no? (8.19)

Solve two equations for two unknowns — the method-of-moments estimators:

- M
_ MSE, 6'72_ STreatmerr;ts SE (820)

Caveat: if MSt: < MSg, (8.20) goes negative — impossible for a variance.
Report 42 = 0: no detectable contribution. Useful summary: the proportion
52/(62 + 62).



Worked Example: Warehouse-to-Warehouse Variability
Table 8.12

A logistics network samples a = 4 warehouses at random from its 30 sites and times n =5
random orders at each (minutes). How much of picking-time variability is a site effect?
Following Procedure 8.1:

Source SS df MS Fo

Warehouses 126.0 3 42.00 7.00
Error 96.0 16 6.000

Total 222.0 19
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Table 8.12

A logistics network samples a = 4 warehouses at random from its 30 sites and times n =5
random orders at each (minutes). How much of picking-time variability is a site effect?
Following Procedure 8.1:

Source SS df MS Fo
Warehouses 126.0 3 42.00 7.00
Error 96.0 16 6.000

Total 2220 19

Step 1 — the test. Hp : 02 = 0; fy05,3,16 = 3.24. Since Fy = 7.00 > 3.24, reject

g
(p ~ 0.003): warehouse differences are a real source of variability across the network.

Step 2 — components (8.20):

= 4200 — 6 000 26 00
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Step 3 — total variance (8.18):
7.200 + 6.000 = 13.20 min’

Proportion between sites:

7.200

——— = 0.5455 ~ 559
13.90 0.5455 ~ 55%

More than half of picking-time variability is a
site effect. Standardizing processes across
warehouses attacks the larger component;
training pickers within a site attacks the smaller
one.
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Al safety
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Quick Check: Variance Components
Al safety

Q. An autonomous-vehicle operator randomly selects 5 vehicles from its fleet and
measures a perception-latency score on n = 6 randomized runs per vehicle. ANOVA
gives MStreatments = 12.0, MSg = 4.0. The estimated between-vehicle component

52 equals:

(A) 12.0 — 4.0 = 8.0

(B) (12.0 — 4.0)/6 = 1.33
(C) 12.0/4.0=3.0

(D) 4.0, since 62 = MSg

Answer: (B). By (8.20), 62 = (MSt — MSg)/n = 8/6 = 1.33. The divisor
is n because n multiplies 02 in (8.19). (A) forgets the division; (C) is Fp, not a
component; (D) is the within-vehicle component. Proportion between vehicles:
1 33/5 33 — 259,
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Scenario (back to fixed effects). A last-mile logistics team compares 4 routing
policies for its delivery vans. Traffic varies strongly by day of week — a variable
that affects delivery time but is not the question. That is a nuisance factor.

If we ignore days, the day-to-day variability lands in SSg, inflates MSg, and can
bury a real policy difference.

Solution: block on day. Run every policy on every day, in random order within

each day. Day differences become a recognized source of variability the analysis
subtracts out.

Design principle: block what you can control; randomize what you
cannot.

Startup view: weekly signup cohorts are blocks. Testing onboarding flows within each
cohort keeps a lucky week from crowning the wrong variant.
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The Randomized Complete Block Design

Layout: a treatments, b blocks; every treatment appears exactly once in every
block (N = ab), in random order within each block. “Complete” = every block
contains every treatment.

The model adds one term to (8.2):

Y—M+T[+BJ+€IJ7 i:17--'7‘97 ./:177b (821)

® 7;: treatment effect (3_; 7, = 0); S;: block effect (3, 8 = 0)
® ¢;; ~ N(0,02) independent; the model is additive

Hypotheses — treatments only:
Hy:m1=---=7,=0 vs. Hj:atleast one 7; # 0

Blocks are not on trial; they are there to be subtracted.
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Total variability now partitions into three pieces:

SST - SSTreatments + SSBIocks + SSE (8.22)

with computing forms (8.23) using row totals y;., column totals y.;, and y?2/ab.
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Procedure 8.5: RCBD Analysis

The road map for the worked example

1. Lay out the data as an a x b table (treatments x blocks); compute row
totals, column totals, grand total, and the means.

Compute SST, SStreatments: SSBlocks from (8.23), then SSg by subtraction.
Fillindf: a—1, b—1, (a—1)(b—1), ab— 1 — verify they add up.
Compute the mean squares and Fy (8.24); reject if Fo > f, a_1 (a—1)(b—1)-

ok N

If rejected: multiple comparisons with (8.25) or (8.26) — note b in place of
n.

6. Check residuals (8.27), including within-block patterns (interaction warning).



Worked RCBD: Four Routing Policies, Blocked by Day
Table 8.14

Policies: P1 current software, P2 new optimization engine, P3 driver-chosen routes, P4
optimizer with live traffic disabled. Response: mean delivery time per package (minutes).
Each policy runs once on each working day, order randomized within day: a = 4, b = 5,
N = 20.
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P4. Optimizer, no live 39 40 40 43 43 | 205 41.0
Y 160 164 168 172 176 | 840
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Using (8.23)

Total: ) ) y; = 35398 and y?/ab = 840%/20 = 35280, so SST = 35398 —
35280 = 118.0

Treatments (divide by b =5):

2102 + 2002 + 2252 + 2052 176450
SSp, = i H AT 2T AT a080 —

5 — 35280 = 70.00

Blocks (divide by a = 4):

1602 + 1642 + 1682 + 1722 + 1762 141280
SSgp = 2 T : TS L0T 35050 =

— 35280 = 40.00

Error by subtraction (8.22): S5 =118 — 70 — 40 = 8.000

Chorl with AdAofinitinn farme: CC  — EIN2 L (.92 1 22 | (_1\21 — B(14\ — 70 /-



Worked RCBD: Steps 3-4, Table and Decision
Table 8.15

Step 3 — df: a—-1=3, b-1=4, (a—1)(b—-1) = 12, total 19
(3+4+12=19 v)
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What Blocking Bought

The same data, analyzed two ways

Suppose the team had ignored days and analyzed the same 20 numbers as a
completely randomized design. The day variability folds into the error row:

SSp=40+8=48,  dft=16,  MSE = 3.000

Effect on the test statistic:

23.
F§ = 330% =7.78 VS. Fo = 35.00 (blocked)

MSE was 4.5x larger without blocking.

Still significant here — but a smaller policy effect would have been lost entirely.
Blocking pays whenever the nuisance variability it removes outweighs the b — 1
error df it costs, which is almost always when the blocking variable matters.
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Multiple Comparisons in the RCBD
Step 5 of Procedure 8.5

Same Fisher/Tukey logic as Lecture 23, with two mechanical substitutions:

® each treatment mean averages b observations (one per block) = b replaces n
e error df are now (a —1)(b—1)

Fisher LSD for RCBD (8.25):

2MS
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Tukey HSD for RCBD (8.26):
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RCBD Residuals and Model Checking
Step 6 of Procedure 8.5

The fitted value under the additive model combines treatment and block means,
Vij =¥i-+yj— Y. s0 o
& =Yij—Yi — Yty (8.27)

Usual plots (normal plot, residuals vs. fitted) plus one specific to the RCBD:
look for a systematic pattern of residuals within blocks — e.g., one treatment
always high early in the week and low late.

Such a pattern signals a treatment-by-block interaction, violating the addi-
tivity of (8.21). The factorial designs of Chapter 9 are built to model it.
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Example cell — P1 on Sunday: y3; = 42.0 + 40.0 — 42.0 = 40, so e;; = 41 — 40 = +1.
Repeating (8.27) for all 20 cells:
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Worked RCBD: The Residual Matrix
Table 8.16

Example cell — P1 on Sunday: y3; = 42.0 + 40.0 — 42.0 = 40, so e;; = 41 — 40 = +1.
Repeating (8.27) for all 20 cells:

Residual e Sun  Mon Tue Wed Thu | Row sum

P1 +1 -1 0 0 0 0
P2 -1 0 +1 0 0 0
P3 0 +1 0 -1 0 0
P4 0 0 -1 +1 0 0
Column sum 0 0 0 0 0 0

Checks: every row and column sums to zero (automatic — a free arithmetic check); all
residuals are 0 or +1; no policy is systematically high early and low late. The additive
model is adequate, and the squared entries confirm SSg = 8.



Quick Check: RCBD Degrees of Freedom

Startup

Q. A startup tests a = 4 pricing-page variants in an RCBD blocked on b = 5
acquisition channels (every variant shown within every channel). The error degrees
of freedom for the treatment F-test are:

(A) N—1=19
(B) N—a=16
() (a-1)(b—1) =12
(D) a(n—1)=16



Quick Check: RCBD Degrees of Freedom

Startup

Q. A startup tests a = 4 pricing-page variants in an RCBD blocked on b = 5
acquisition channels (every variant shown within every channel). The error degrees

of freedom for the treatment F-test are:
(A) N—1=19

(B) N—a=16

(C) (a—1)(b—1)=12
(D) a(n—1)=16

Answer: (C). Inthe RCBD, dfg = (a—1)(b—1) =3x4 =12, asin (8.24). (A)
is the total df; (B) is the one-way error df, which over-counts by the b—1 =4
block df; (D) confuses the CRD replicate count n with the block count b —
each treatment appears once per block here.



Quick Check: Why Block?

Q. An Al evaluation team compares scoring rubrics, blocking on annotator. The
treatment Fg is much larger in the blocked analysis than in a one-way analysis of
the same data. The most accurate explanation:
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Blocking removes annotator variability from SSg, shrinking MSg and raising Fo.
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Blocking changes the treatment means.
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Blocking adds more degrees of freedom to the error term.



Quick Check: Why Block?

Q. An Al evaluation team compares scoring rubrics, blocking on annotator. The
treatment Fg is much larger in the blocked analysis than in a one-way analysis of
the same data. The most accurate explanation:

(A) Blocking always increases SStyeatments-

(B) Blocking removes annotator variability from SSg, shrinking MSg and raising Fo.
(C) Blocking changes the treatment means.

(D) Blocking adds more degrees of freedom to the error term.

Answer: (B). By (8.22), SSgjocks is carved out of what a one-way analysis
would call error, so MSg shrinks and Fy = MSt/MSg rises. (A) is false —
S5ty is unchanged; (C) confuses the model with the means; (D) is backwards
— blocking decreases dfg.



Choosing the Right Design

Table 8.17
Situation Design and analysis Inference target
Specific levels chosen  Fixed-effects one-way Compare those means
on purpose ANOVA (Procedure 8.1)
Levels sampled from a  Random-effects model (Pro- Variance components
population cedure 8.4) 02, o2
Known nuisance factor RCBD (Procedure 8.5) Compare means, nui-

present sance removed
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Table 8.17
Situation Design and analysis Inference target
Specific levels chosen  Fixed-effects one-way Compare those means
on purpose ANOVA (Procedure 8.1)
Levels sampled from a  Random-effects model (Pro- Variance components
population cedure 8.4) 02, o2
Known nuisance factor RCBD (Procedure 8.5) Compare means, nui-
present sance removed

The decision is made when the experiment is planned, before any data exist:

® Were the levels chosen on purpose, or sampled?
® What nuisance sources can | anticipate — and block?
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Reminders
¢ Quiz on Chapter 8 is due before class — random effects and RCBD
included.
® Homework 7 solutions will be posted after the deadline this week.
e Office hours: Tuesdays 9-10 AM, Room 22-219 or Zoom.

® Read §9.1 and §9.2 to prepare for factorial designs.



